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Instabilities and patterns in a submerged jelling
jet†

Aditi Chakrabarti, ‡a Salem Al-Mosleh ‡a and L. Mahadevan *abc

When a thin stream of aqueous sodium alginate is extruded into a reacting calcium chloride bath, it

polymerizes into a soft elastic tube that spontaneously forms helical coils due to the ambient fluid drag.

We quantify the onset of this drag-induced instability and its nonlinear evolution using experiments, and

explain the results using a combination of scaling, theory and simulations. By co-extruding a second

(internal) liquid within the aqueous sodium alginate jet and varying the diameter of the jet and the rates

of the co-extrusion of the two liquids, we show that we can tune the local composition of the

composite filament and the nature of the ensuing instabilities to create soft filaments of variable relative

buoyancy, shape and mechanical properties. Altogether, by harnessing the fundamental varicose (jetting)

and sinuous (buckling) instabilities associated with the extrusion of a submerged jelling filament, we

show that it is possible to print complex three-dimensional filamentous structures in an ambient fluid.

Slender filamentous structures buckle, fold and coil on a range
of length scales spanning the nanometric to the macrometric.
For example, an elastic rope fed uniformly toward a horizontal
plane coils into a spool;1–3 similar behavior is seen in a slender
jet of viscous fluid.4–7 In both cases, the presence of the plane
boundary leads to compressive stresses, while geometric scale
separation implies the dominance of bending deformations.
Quantitative predictions for the coiling rates and radii then
arise from the balance of internal elastic or viscous forces and
inertia and/or gravity. The patterns arising from these instabili-
ties have also been harnessed to fabricate structures by
coupling them to phase changes in solidifying polymers and
glass.8–10 Here, partly inspired by these examples, and partly by

the quest to pattern filaments in three dimensions without a
sacrificial scaffold as exemplified by the 3Doodler pen,11 we ask
if there are instabilities and patterns that can be harnessed
when a filament moves through an ambient fluid while also
changing from a liquid to solid. An example of this can be seen
in high speed liquid polymer extrusion in air,12 where solvent-
loss driven solidification happens so fast that it is almost
impossible to control the instability. But could one extrude a
viscous filament in an aqueous bath containing a crosslinker
that causes the stream to polymerize, buckle and coil due to the
resisting viscous drag forces from the surrounding medium,
even in the absence of compressive stresses due to a solid
boundary? And then control the patterns by varying the extrusion
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† Electronic supplementary information (ESI) available: Movie S1: Viscous drag induced instability of an extruded polymerizing jet of 2% sodium alginate (Qo = 2 ml
min�1 and needle diameter d = 0.41 mm) entering in a water bath containing 150 mM calcium chloride salt. Movie S2: Four regimes of instability of the submerged
jelling jet of 2% sodium alginate in a 150 mM calcium aqueous bath, namely: (i) gravity driven coiling (needle diameter d = 0.84 mm, extrusion rate Qo = 0.5 ml min�1),
(ii) drag induced coiling (needle diameter d = 0.84 mm, Qo = 5 ml min�1), (iii) period doubling (needle diameter d = 0.6 mm, Qo = 5 ml min�1) and (iv) chaotic crumpling
(needle diameter d = 0.6 mm, Qo = 15 ml min�1). Snapshots of these four regimes and the phase space are shown in Fig. 1B. Movie S3: Four videos (1� speed) showing
the chaotic crumpling of the submerged jelling jet of 2% sodium alginate in a 150 mM calcium aqueous bath for a fixed needle size (d = 0.16 mm) and increasing
extrusion rate Qo = 8, 10, 15, 20 ml min�1. Snapshots of the chaotic crumpling and characterization of their plume angles are shown in Fig. 4. Movie S4: Results from
the 3D simulation of injected elastic threads: (A) classical gravity induced rope coiling with vanishing drag. Parameters used are: v = 1 cm s�1, d = 1.5 mm, linear density
rL = 2.9 kg m�1, E = 8.5 MPa and cg� (Er2/rg)1/3. The resulting radius of coiling is consistent with the experiments done in ref. 2. (B) Long time behavior of drag induced
coiling without crosslinking and hydrodynamic interactions. The coils at the free end unwind. Parameters used: E = 4.8 kPa, Q = 10 ml min�1, d = 1 mm, Dr = 15 kg m�3

and m = 0.001 Pa s. (C) Adding crosslinking and hydrodynamic interactions, we get regular stacks of coils. After reaching a steady state, vertices are removed from the
free end to speed up the simulation. Parameters used: E = 2.7 kPa, Q = 1 ml min�1, d = 0.8 mm, Dr = 5 kg m�3 and m = 0.01 Pa s. Movie S5: Controlled patterning of the
co-extruded jet with outer sodium alginate (Qo = 20 ml min�1) and inner red dyed silicone oil (Qi = 10 ml min�1) entering an aqueous calcium bath. The size of the
inclusions is selected due to the pinch-off instability of the internal oil jet. The alginate and oil meet at a T-junction before entering the calcium aqueous bath through a
common needle tip, with the outer alginate needle (15G, d = 1.4 mm) and oil needle (18G, d = 0.84 mm). The resulting composite tube is buoyant and floats up at the
interface of the air–aqueous calcium bath. See DOI: 10.1039/d1sm00517k
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rate and even the properties by co-extruding a second fluid within
the jelling jet?

We answer both questions in the affirmative. By extruding
an alginate solution into a calcium bath, we study the onset of a
periodic coiling instability as well as its saturation via a
combination of scaling analysis, stability theory and computa-
tion. By introducing a second fluid at the inlet, we show that we
can add periodic droplet inclusions of oil and gas to the soft
filaments. This allows for a single-step fabrication protocol
to make a continuous soft filament of varying composition,
stiffness, curvature and buoyancy that can be used to write and
draw patterns in 3 dimensions in an ambient fluid without a
sacrificial substrate.

Experimental observations

Our experimental setup (Fig. 1A) for the fabrication of single
phase gel filaments and tubes uses a 2% w/w sodium alginate
solution, dyed with 0.01% w/w methylene blue, filled in plastic
syringes, and dispensed inside an aqueous bath (viscosity m)
of calcium chloride salt (150 mM in water) at extrusion rates
(Qo, 0.1–20 ml min�1) via needles (inner diameter d, 0.1–2 mm)
(see Appendix A.1 and Movie S1 for more details, ESI†). For all
the experiments, the concentrations of sodium alginate and
calcium chloride in the respective aqueous solutions were kept
fixed, thereby fixing the reaction rate (k) of gelation. As the
polymerization progresses,13 the elastic Young’s modulus of
the crosslinked alginate tubes increases from hundreds of
pascals (within a few seconds) to tens of kilopascals (over
several minutes). We quantify this change in the stiffness via
simple gravity-driven bending of filament segments, removed at
different times from the calcium chloride solution (Appendix A.2
and Fig. 8A, B).

For extrusion from a given needle diameter (d) at very low
flow rates (Qo), a thin stream of alginate extruding inside
the calcium bath polymerizes to form an elastic tube. In this

regime, when the elastic tube pushes against the base of the
container, it starts to coil like an elastic rope1,2 (Fig. 1B, first
panel), due to the resulting compressive stresses induced in the
filament. However, as Qo is increased, the polymerized elastic
tube begins to buckle over a characteristic length c much
smaller than the falling height, and spontaneously forms
loosely coiled helices (radius, R, and vertical spacing between
coils, L) as it falls through the liquid bath (Fig. 1B, second
panel and Appendix, Fig. 6). In this regime, there is no
influence of the floor. Further increase in the extrusion rate
Qo leads to more complex patterns that exhibit signs of period
doubling in the spacing between the helical coils (Fig. 1B, third
panel), and when Qo is very large, the jet polymerizes and
crumples chaotically forming rough tubes that stay within a
conical region (Fig. 1B, last panel, Appendix, Movies S2 and S3,
ESI†). The phase space of patterns and morphologies are
determined by the extrusion rate (Qo) and the needle diameter
(d) as shown in Fig. 1C (Movie S2, ESI†).

Scaling analysis and stability theory

To understand these patterns, we note that if the polymeriza-
tion process with a rate k is relatively fast, i.e. kd/v c 1 (v is the
speed of extrusion and d the diameter of the needle which is
comparable to the diameter of the tube, 2r, that forms), the
polymerized filament behaves like an elastic filament of bending
stiffness B. If the filament buckles over a characteristic scale c,
we can balance the resisting bending torque B/c in the filament
with the forcing viscous torque from the ambient fluid that scales
as mvc2 to find a characteristic length scale14,15

‘ � B

mv

� �1=3

; (1)

above which the extrudate should buckle and coil into a helix
spontaneously. Beyond the onset of buckling, we expect the radius
of the helical coil to follow this same scaling with R B c, while the

Fig. 1 Instability of a submerged jelling jet. (A) Schematic of the experimental setup that is used to obtain the drag induced coiling instability of a
solidifying sodium alginate gel tube in a water bath containing 150 mM calcium chloride. A syringe pump is used to deliver the 2% sodium alginate
solution, dyed with methylene blue, at a prescribed flow rate (Qo) via a blunt-tipped needle (inner diameter, d) into the calcium bath. As the sodium
alginate solution contacts the calcium ions in the water bath, it begins to crosslink to form an elastic soft tube and then buckles due to the compression
induced by the viscous drag of the surrounding liquid. (B) As the flow rate Qo is increased, we see a transition from classical rope coiling (yellow circles,
18G needle, d = 0.84 mm at Qo = 0.5 ml min�1), to drag-induced elastic coiling (red circles, 22G needle, d = 0.41 mm at Qo = 0.5 ml min�1),
period doubling (green diamonds, 22G needle, d = 0.41 mm at Qo = 5 ml min�1) to chaotic crumpling (purple triangles, 22G needle, d = 0.41 mm at
Qo = 20 ml min�1) (see Movie S2, ESI†). All scale bars are 10 mm. (C) Phase space of the instability regimes shown in (B) plotted as a function of the flow
rates of the alginate extrudate Qo and the needle inner diameters d.
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frequency of coiling is expected to behave as

o � v=‘ � v4=3
m
B

� �1=3
: (2)

Plotting the experimental data for buckling length c, coiling
radius R and coiling frequency o (Fig. 2), we find that the data
agree well with the scaling expressions obtained above. The
vertical spacing between the coils (L) also remain steady while
the stack of freshly coiled alginate tubes descends through
the ambient calcium solution (Fig. 6 and Movie S1, ESI†).
Furthermore, we see that the entire range of scenarios from
gravity-induced to drag-induced elastic coiling can be collapsed
to a single universal scaling law that interpolates between
two limits, gravity-induced coiling and drag-induced coiling,
leading to an expression

c B (B/(mv + Drgr2))1/3 (3)

where Dr is the density difference between the alginate tubes
and the surrounding calcium bath (Fig. 3). In the limit of no
external fluid, we recover the well-known scaling law for elastic
folding and coiling1,16 cg B (B/rgr2)1/3.

Moving beyond a scaling analysis, we consider the linear
stability of a thin elastic rod with length L, moving in a fluid
with viscosity m at a speed v, in the limit of low Reynolds
number, i.e. rvL/m { 1. For a flexible rod whose center line
follows a path Y(x, t) (see Fig. 1B) that is only slightly deviated
from being straight, force balance in the tangential and normal
directions yields

0 = vms + qxT(x, t), (4)

0 = 2msqtY(x, t) + vmsqxY(x, t) + Bqx
4Y(x, t) � qx(T(x, t)qxY(x, t)).

(5)

Here T(x, t) is the tension in the rod, and ms and 2ms are the
effective drag coefficients in the tangential and normal direc-
tions (ms B m, up to logarithmic factors in the aspect ratio)
obtained from slender body theory.17 The accompanying
boundary conditions are that at the free end x = 0, qx

2Y(0, t) =
qx

3Y(0, t) = T(0, t) = 0 while at the needle x = L = vt, the clamped
boundary conditions read Y(L, t) = qxY(L, t) = 0.

Solving eqn (4) to get T = �msvx and substituting the result
into eqn (5) while using the ansatz Y(x, t) = Z(x)est to determine

Fig. 2 Understanding the instability. (A) The measured buckling length c is plotted as a function of (B/mv)1/3 for various experiments (closed circles),
where needle diameters d varied from 0.1 mm to 2 mm, and flow rates varied from 0.2 ml min�1 to 20 ml min�1. Simulation data are shown with open
square symbols. (inset) Experimental snapshot to define c, extrusion velocity v, viscosity of bath m and bending stiffness B of the polymerized filament.
(B) Characterization of the drag induced elastic coiling instability in term of the coiling radius (R) plotted as a function of the scaling relationship (B/mv)1/3,
with a slope of 0.4 for the linear regression for both experiments and simulation. (inset) Definition of coiling radius R. (C) The frequency of coiling o for the
experimental and simulation data shows that it scales as v4/3(m/B)1/3 with a slope of 1.1. (inset) Definition of o. Scale bars in insets in (A–C) are 5 mm each.

Fig. 3 Generalized scaling law to unify gravity induced and drag-induced coiling. (A) Pictures showing the gravity driven classical rope coiling (left: 18G
needle, d = 0.84 mm at Qo = 0.5 ml min�1), drag-induced elastic coiling (centre: 18G needle, d = 0.84 mm at Qo = 5 ml min�1) and period doubling (right:
20G needle, d = 0.6 mm at Qo = 5 ml min�1) (see Movie S2, ESI†). (B) Radius of coil as a function of [B/(mv + Drgr2)]1/3 shows the experimental data over
the regime of gravity-driven coiling and drag-induced coiling, with a slope of 0.5. The simulation data is seen to match the experimental data.
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the growth rate of an instability s yields the eigenvalue
problem

2mssZ(x) + 2vmsZ0(x) + BZ00 00(x) + msvxZ00(x) = 0. (6)

Since Z - �Z is a symmetry of the equation for real solutions
Z(x), the growth rate s will also be real. At the onset of
instability Re[s] = s = 0 so that eqn (6) can be rewritten in
scaled form as

2Z0(x) + b�1Z(4)(x) + xZ00(x) = 0, (7)

where x = Lx and b � msvL3/B. By using the boundary conditions
at the free end, the solution to this equation can be written as

ZðxÞ ¼ Aþ Cx0F1
4

3
;�x

3b
9

� �
; (8)

where 0F1 is the confluent hypergeometric function.18 Using the
boundary condition at the extruding end Z(1) = 0, Z0(1) = 0
then yields

0F1
4

3
;�b

9

� �
¼ b

4
0F1

7

3
;�b

9

� �
; (9)

a condition only satisfied for special values of b. Solving (9)
numerically we find that this first happens for b E 3.48 and
thus yields

‘ � 1:41
B

mv

� �1=3

: (10)

The above equation also yields an expression for the oscillation
frequency oc � v/c E 0.71v4/3(m/B)1/3. Numerical simulations
(described in Appendix A.3) confirm this result; filaments with
lengths just above the threshold given in eqn (10) buckle, while
shorter ones do not.

Using experimental parameter values in the range B B Er4

(E = 2.7 kPa, r B 0.1–2 mm), mB 0.001 Pa s and v B 2–70 mm s�1,
the experimentally obtained relation for the buckling length is
c B 1.04(B/mv)1/3 (Fig. 2A and B) while that for the frequency is
o B 1.1v4/3(m/B)1/3 (Fig. 2C), in reasonable agreement with the
values obtained from the calculation above.

Multiscale control of filament structure
and morphology

We can use our understanding of the drag-induced coiling
instability to control filament curvature. Since coiling is
induced by an ambient drag, if polymerization occurs slowly,
filament curvature can get frozen due to polymerization being a
function of the scaled polymerization rate kd/v (here k is the
polymerization rate, and v = Q0/d2 is the flow velocity). At low
flow rates, the tubes are relatively straight, while at higher flow
rates, the tubes are strongly crumpled within an approximately
conical plume (Fig. 4A), with an opening angle y that varies
linearly with needle diameter (Fig. 4B and Movie S3, ESI†).
In this strongly crumpled regime, the polymerized tubes have a
disordered morphology driven by the coupled dynamics of flow
and polymerization that occur on similar time scales. The
morphology can be quantified in terms of the variance of the
curvature of the center line of these tubes as a function of
the flow rate Qo (Fig. 4C). Turning this bug into a feature
suggests a method to fabricate filaments of varying the curva-
ture by controlling the needle diameter and the extrusion rate
to ‘freeze’ the dynamic instability of the filament. Conversely,
in this chaotic crumpling regime, the small scale roughness in
the filaments (Appendix, Fig. 9) could also serve as a read out
of the interfacial shear instability19 between the viscoelastic
sodium alginate jet and the Newtonian fluid aqueous calcium
chloride bath.

In addition to controlling the global morphology of the
filament, we can also control its local structure and properties
such as its buoyancy, rigidity, and curvature. To do so, we
introduce a second fluid such as an oil (e.g. silicone oil,
roil B 972 kg m�3), or a gas (e.g. compressed nitrogen) that is
internally co-extruded with the alginate solution, as shown
schematically in Fig. 5A (Movie S5, ESI†). At low co-extrusion
rates, the internal fluid pinches off due to interfacial forces,
and forms small droplet inclusions. By varying the relative flow
rates of the co-extruding fluid (Qi) and the encasing alginate
(Qo), we can control the size, spacing and position of the fluid

Fig. 4 Characterization of the chaotic plume. (A) Snapshots of the chaotic plume observed for high flow rates (Qo) (22G needle, d = 0.41 mm) (see Movie
S3, ESI†). (B) The plume angle (y) of the gel tubes in the chaotic regime for different inlet needle diameters (d) and extrusion rates (Qo). y increases linearly
with needle diameter (d), and is weakly dependent on Qo (depicted by the vertical spread at a given value of d and in A). Inset shows an example image of
the plume shape, associated with a 22G needle (d = 0.41 mm) at Qo = 15 ml min�1, where y is measured from the point where the plume opens. Scale bar
is 10 mm. (C) Characterization of the chaotic regime using the standard deviation of curvature (Sk) of the gel tubes formed at high extrusion rates
(22G needle, d = 0.41 mm). As Qo increases, Sk increases and then saturates at very high rates due to the finite thickness of the tubes.
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droplet inclusions in the gel filaments. By (mis)aligning the gas
bubbles relative to the axis of the filament (Fig. 5B), we can
control filament curvature. By varying the fraction of internal
droplets of oil or gas, we can also control the effective filament
bending and stretching stiffness (Fig. 5C, D and Appendix,
Fig. 8C, D) as well as the filament density and buoyancy (Fig. 5E
and F). Altogether, this allows us then to print and write out
stable structures in the ambient liquid by dynamically varying
the co-extrusion rate of the internal fluid (oil/gas) and the
extrusion of the alginate, as seen in Fig. 5.

Conclusions

Complementing the study of fluid filament coiling driven by
boundary compression seen in the familiar honey-on-toast
experiment, here we have examined the coiling of a submerged
jelling jet driven by bulk drag. A combination of experimental
observations, scaling analysis, stability theory and simulations

allowed us to characterize the onset and the nonlinear evolution
of periodic coiling. We then explored the possibility of controlling
this instability to create complex structures. By harnessing the
simplest instabilities in elastic filaments and fluid jets, namely
the buckling of a slender elastic filament and the breakup of a
slender liquid jet, we showed how to create a quasi-one dimen-
sional liquid–solid composite. The co-extrusion of a thin stream of
aqueous sodium alginate and a second liquid into a reacting
calcium chloride bath leads to the pinch off of the internal liquid
to form a beaded filament that buckles and coils. By controlling
the relative rates of polymerization of the sodium alginate, with
calcium ion concentration, and the mechanical instability of
the freshly formed filaments, we demonstrated the use of the
underlying dynamical processes to write in three dimensions
while controlling filament properties such as buoyancy, stiffness,
curvature and chirality. Our ability to control and steer the
shape of the soft filaments using an instability complements
the deterministic approach used to deposit each voxel in the
additive manufacturing process20 and suggests alternative ways

Fig. 5 Controlled patterning of co-extruded jelling jet. (A) Schematic of the experimental setup used to obtain composite fluid-in-solid tubes via
polymerization of co-extruding two liquids (2% sodium alginate, Qo and inner fluid, Qi) into an aqueous bath containing 150 mM calcium chloride (needle
inner diameter, d). A T-junction in the tubing allows the alginate solution and embedded fluid to meet, before entering the calcium bath. (B) Tube shape
can be controlled by the inclusion of air bubbles at a prescribed (mis)alignment with the central axis of the tube, quantified by D = (r1 � r2)/r, which
dictates composite tube curvature (k). (C and D) Controlling elastic moduli with inclusions: (C) gravity driven bending of small segments of composite
filaments show that elastic moduli of filaments vary when oil droplets (silicone oil, kinematic viscosity B100 cSt, roil = 972 kg m�3, flow rate Qi, dyed red)
are co-extruded within the alginate (outer extrusion rate, Qo). Varying the relative flow rates of oil and alginate (Qo � Qi)/(Qo + Qi) controls filament
morphology (spacing between oil inclusions, m and the size of the inclusions, n) and thence the elastic moduli. (D) The normalized elastic moduli of the
composite tubes (Ec/Ealg) can be measured by stretching the tubes (inset) and plotting the normalized ratio Ec/Ealg as a function of (Qo � Qi)/(Qo + Qi).
(E and F) Controlling density with inclusions: (E) the density of alginate tubes (pure, ralg = 1054 kg m�3) can be lowered by introducing oil inclusions
(roil = 972 kg m�3) to form composite tubes (rc, (1) 1006 kg m�3; (2) 1018 kg m�3; (3) 1021 kg m�3; and (4) 1045 kg m�3). Suspending these filaments in a
density gradient allows for a direct readout of the density (rc) of the column as the filaments become neutrally buoyant at a height where filament and
liquid densities are matched. Here, the density at the bottom of the container is 1050 kg m�3 and at the air liquid interface is 1010 kg m�3. (F) The
normalized density of the composite tubes (rc/ralg) are plotted as a function of (Qo � Qi)/(Qo + Qi).
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to manufacture and engineer low-dimensional fluid–solid com-
posites21–23 for various applications.24,25
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Appendix
A.1 Materials

The pre-gel alginate solution was prepared by dissolving 2%
by weight (w/w) sodium alginate (Sigma Aldrich) in freshly
collected deionized (DI) water, to which, 0.01% weight (w/w)
of methylene blue dye (Sigma Aldrich) was added to aid
visualization. The aqueous calcium bath was prepared by
dissolving 150 mM of calcium chloride salt in DI water (i.e.,
17 g of CaCl2 hexahydrate, Sigma Aldrich, in 1000 g water),
which were filled in clear plastic containers (10 cm � 10 cm �
12.5 cm height). The dynamic viscosity m of calcium bath was
0.001 Pa s. Direct measurement of densities (r) gave 1054 kg m�3

for 2% sodium alginate and 1051 kg m�3 for 150 mM calcium
chloride solution, and these concentrations of solutions were
specifically chosen such that sodium alginate was marginally
denser than the calcium bath. The 2% sodium alginate solution
was filled in plastic syringes, delivered via a syringe pump and
dispensed inside the calcium bath via blunt-tip needles (32G to
12G, inner diameter, d B 0.09–1.9 mm respectively). The
extrusion flow rates Qo of the alginate solution was varied
between 0.1 ml min�1 and 20 ml min�1. We used new needles
for each experiment as it was crucial to maintain a clean
unclogged tip. In each experiment, the calcium bath was stirred
to maintain homogeneous ion concentration. The calcium bath
was replaced by fresh solution after approximately ten experi-
ments. The radius of the gelled tubes are linearly proportional
to the needle radii and weakly depend on the inlet extrusion

rate (Fig. 7). For the multiphase composite tubes, embedding
fluids such as silicone oil (density, roil = 972 kg m�3, kinematic
viscosity, 100 cSt) with red dye (silcPig) and compressed nitro-
gen gas were injected at a flow rate of Qi (Fig. 5A). By controlling
relative rates of Qo and Qi, various properties (buoyancy,
curvature, and stiffness) of the resulting composite fluid-in-
solid filaments were controlled. All the experiments were
performed at room temperature of 23 1C. For thicker needles
(15G–12G, inner diameters, d B 1.4–1.9 mm respectively) a 25 L
plastic tank (41 cm � 28 cm � 30 cm height) was used for the
experimental measurements of the coiling instability.

A.2 Experimental methods

A.2.1 Elastic moduli of the polymerized composite tubes.
The elastic modulus of the extruded polymerized tubes and

Fig. 6 Characterization of buckling length and vertical spacing in the drag-induced coiling instability. (A) The directly measured buckling length c is
plotted as a function of the coiling radius R across various experiments, where needle diameters d varied from 0.1 mm to 2 mm, and flow rates varied
from 0.2 ml min�1 to 20 ml min�1. c shows an expected linear correlation with R with a slope of 2.6. Simulations agree well with the experimental data.
(inset) Experimental snapshot to define c and R. (B) Measurement of vertical spacing between adjacent coils L of a crosslinked tube during the descent of
the coiled helices in the calcium bath during the drag induced instability, as a function of R for both experiments and simulations. (inset) Experimental
snapshot to define L and R. Scale bar in both insets is 5 mm.

Fig. 7 Experimental characterization of filament radius r as a function of
needle inner radius d/2. The vertical spread at each value of d/2 is due to
extrusion velocity v, varying between 1–15 ml min�1. Scale bar is 5 mm.
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filaments were measured by bending experiments of the filaments.
Small segments (B1–2 cm) of the polymerized filaments were
mounted such that its one edge was on a horizontal substrate.
The other end was suspended such that gravity could weigh it
down. The downward displacement (d) as a function of the over-
hung length of the filament from the edge (l) were measured
(Appendix, Fig. 8). A simple calculation using Euler–Bernoulli beam
theory gives the solution for the bending profile of the elastic
filament due to a distributed load q (force per unit length).
In particular, we get

d ¼ ql4

8EI
; I ¼ pr4

4
; q � pr2rg) l4 ¼ 2Er2

rg
d: (A.1)

Using the slope of the plot of l4 vs. d for freshly crosslinked
alginate tubes extracted from solution close to the needle tip
(seconds after it has formed, Appendix, Fig. 8A) and away from
the needle tip (several minutes after it has formed, Appendix,
Fig. 8B), the elastic modulus of the filament E can be calculated

from the slope of the linear regime
2Er2

rg
(Appendix, Fig. 8A and

B). Similarly, this experimental setup was used to compare
elastic moduli and effective stiffness of fluid-in-solid composite
tubes (Appendix, Fig. 8C). The elastic moduli of the composite
tubes were estimated in stretching mode as well, where a
filament segment was bent in a ‘U’ shape and vertically hung
from a rigid boundary, and equal weights (metal pins) were
placed in the neck of the ‘U’. The elastic moduli were then
estimated from the slope of the stress (s)–strain (e) curves
generated from the stretching experiments of the filaments
(Fig. 5C, D and Appendix, Fig. 8C, D).

A.2.2 Density of the polymerized composite filaments. For
the composite tubes, with inclusions of oil, the effective density
of the gelled tubes was estimated as follows. The diameter of
the inclusions (n mm) as well as the centre to centre spacing
between the inclusions (m mm) were measured from the
images (see Fig. 5C). The effective density was then computed

Fig. 8 Direct estimation of bending moduli B and elastic moduli E of pure alginate filaments and composite oil-embedded filaments. (A) Measurement
of gravity-induced deflections d of a crosslinked tube (extracted from the calcium bath seconds after it has formed) of length l. Plotting l4 as a function of
d yields a slope of 2Er2/rg in the linear regime, which gives the elastic modulus E of the alginate tube to be 2.7 kPa. (B) Measurement of l4 of a crosslinked
tube (extracted from the calcium bath several minutes after it has formed) as a function of d yields an elastic modulus E of the alginate tube to be 48 kPa.
(C) Measurement of gravity-induced deflections d of a composite tube ((Qo � Qi)/(Qo + Qi) = 0.7, Fig. 5C, filament 3) with silicone oil inclusions to
estimate its effective elastic modulus Ec. Plotting l4 as a function of d yields the elastic modulus Ec of the alginate tube to be 36 kPa. (D) Two examples of
the stress (s)–strain (e) curves obtained for measuring elastic moduli of the pure alginate tubes ((Qo �Qi)/(Qo + Qi) = 1) and oil–alginate composite tubes
((Qo �Qi)/(Qo + Qi) = 0.3), where Ealg = 71 kPa (top) and Ec = 35 kPa (bottom). The normalized elastic moduli (Ec/Ealg) for these two datasets are reported
in Fig. 5D.
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as reff ¼
n

m
roil þ

m� n

m
ralg, where roil = 972 kg m�3 and ralg =

1054 kg m�3. The size of the inclusions were varied by selecting
a needle diameter for the alginate (15G, d = 1.4 mm), then
another for the oil (18G, d = 0.84 mm), which were connected
via a T-junction, and varying the relative flow rates (Qo � Qi),
where Qo is the outer alginate flow rate and Qi is the inner oil
flow rate (see Fig. 5A).

A.2.3 Curvature measurement from sections of filaments.
The curvature of the filaments could be controlled in the
following two ways: (i) by increasing the extrusion flow rate
Qo, and (ii) by placing fluid inclusions at controlled spacing
from the central axes of the tubes. For the first case, the
polymerized tubes went from smooth to rough as the flow rate
Qo increased, while Qi = 0. The curvature in these cases were
quantified as shown in Fig. 9. First, threads were held straight from
both ends and placed in calcium chloride solution, after which it
relaxed into its preferred shape (see Fig. 9B). Then using the ImageJ
software, the image is binarized to extract the desired curve, from
which the (x, y) coordinates are extracted and calibrated. Finally a
moving least square method26,27 is used to find a smooth fit of the
surface. Once we have a smooth approximation of the curve, we
can calculate the curvature of the curve and the corresponding

curvature histogram as shown in Fig. 9C–E. In the second case,
nitrogen compressed gas was injected at the source of the extruded
polymer tube. If the gas bubble were aligned with the central axis of
the gelled tubes, the resulting air-filled tubes were straight. How-
ever, as they shifted away from the central axis, the tubes became
curved, as quantified in Fig. 5B.

A.3 Simulations

To understand the nonlinear dynamics of the coiling filament,
we use a discretized model that involves a set of vertices with
positions ri (0 r i r N + 1) and edges ei � ri+1 � ri (Fig. 10A),
and assume that the discrete filament is inextensible, and that
twisting modes equilibrate rapidly relative to bending modes,
so that we can effectively ignore them. The bending energy of
this discretized model, localized at the vertices, is associated
with the change in angle between two neighboring edges

meeting at that vertex, so that the total energy is28 Eb ¼

1

2

PN
i¼1

B

Dli
2 tan

yi
2

� �� �2
where li � |ei|, t̂i � ei/li, Dli � (li + li�1)/2

and cos yi = t̂i�t̂i�1. Then, the force on the ith vertex is given by

Fb
i � �dEb/dri. (A.2)

Fig. 9 Estimating the planar curvature of alginate tubes at high extrusion rates: panel (A) shows the sequence of steps performed to obtain a smooth fit
to the curves from images. First the image is binarized with pixel values of 1 corresponding to the curve of interest and zero everywhere else. Then, using
a calibrated image, the (x, y) Cartesian coordinates of the curve are extracted. Finally a moving least squared approximation is used to obtain a smooth
representation of the curve.26,27 (B) For the needle size 22G (d = 0.41 mm), varying the extrusion rate of the alginate yields smooth gently sinuous tubes at
low rates (Qo o 8 ml min�1) to rough tubes at higher rates (Qo Z 8 ml min�1). For each Qo we used 5 examples of the tube segments. (C) Curvature of the
filaments from data in (A) as a function of arc length. Panel (D) shows the corresponding curvature histogram, where the curvature values come from
multiple samples for the 22G (d = 0.41 mm) needle at Qo = 8 ml min�1. The blue curve shows the best fitting distribution to the data. (E) Characterization
of the chaotic regime via standard deviation of curvature (Sk) of the gel tubes formed at high extrusion rates for a specific needle (here 22G, d = 0.41 mm).
As Qo increases, Sk increases and then saturates at very high rates due to the finite thickness of the tubes.
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Since the slender filament moves in a viscous liquid at low
Reynolds number when inertia is dominated by viscous forces,
we use slender-body theory to calculate the drag force17

which reads

F
drag
i

Dli
¼ � 2pm

logðL=rÞ 2I3 � t̂
T

i t̂i

h i
Vi þ

Ji

logðL=rÞ

� �

� pm
logðL=rÞ2 2V?i � V

k
i

� �
;

(A.3)

Ji ¼ Vi logðDliÞ þ
X
jai

Dlj
2 ri � rj
�� ��

� I3 þ
ðri � rjÞTðri � rjÞ

ri � rj
�� ��2

" #
I3 �

1

2
t̂
T

j t̂j

� �
Vj ;

(A.4)

where Vi = dri/dt is the velocity of the ith vertex relative to the
fluid and I3 is the 3D identity matrix. We note that this is an
expansion in inverse powers of log(L/r) and includes the leading
nonlocal hydrodynamic interactions which are important for
capturing the behavior in our experiments. Finally, each vertex
is assumed to have a mass mi = Dlirpr2 so that the velocity, in
the unconstrained step,29 is updated in each time step Dt
according to

Viðtþ DtÞ ¼ ViðtÞ þ
Fb
i þ F

drag
i

mi
Dt: (A.5)

The inextensibility constraint is implemented numerically
using a fast projection method after each time step.29 In order
to simulate the extrusion process, we added vertices at the
extruding end (inlet point in Fig. 10D–F) at regular time
intervals. The vertices are attached elastically to the rest of
the rod and provided with an extrusion velocity, and the
velocities and positions of all vertices are updated according
to (A.5). Implementing this simulation in the C++ code, we first
perform a series of checks by comparing the results of
the simulation to experiments on sedimenting elastic rods
in water, analytical calculations for beam buckling, gravity
loading, and the known results for the spool-coiling of a rope
falling under gravity onto the ground and get results quantita-
tively consistent with theory and experiments2,3,5 (Fig. 10B–D
and Movie S4, ESI†).

To deploy the simulation for a submerged jelling jet, we start
with a naturally straight fully crosslinked filament and only
keep the first-order (local hydrodynamic interaction) terms in
1/log(L/r) in (A.3) for the viscous drag forces. By using experi-
mentally motivated parameters values (Fig. 10E and Movie S4,
ESI†) we find that although the filament starts to coil, over time
the coils become disordered in space and unravel in time
starting at the bottom free end. The disorder is likely due to
the lack of accounting for nonlocal hydrodynamic interactions
of the curved filament, while the unraveling is likely due to lack
of accounting for cross-linking in our experiments, where the

Fig. 10 Numerical simulations of drag induced coiling. (A) The filament is modeled as a discretized rod composed of vertices and edges. ri, 0 r i r N +
1, ei = ri+1 � ri are the edge vectors and yi is the angle between two edge vectors meeting at the vertex i. (B) Drag induced instability of a filament with
length L and bending stiffness B, moving at a speed v in a bath m. (C) Beam under tip loading from both simulation and theory. (D) Simulation of a rope
falling under gravity onto the ground with no ambient drag. Here v = 1 cm s�1, d = 1.5 mm, r = 1641 kg m�3, E = 8.5 MPa and cg� (Er2/rg)1/3. The resulting
radius of coiling is consistent with the experiments done in ref. 2 for a drop height of 0.5 m. (E) Simulations of drag induced coiling for a naturally straight,
fully crosslinked, rod. Over time the coils produced in the simulation start to unwind due to the lack of forces to maintain the curvature. Parameters used:
E = 4.8 kPa, Q = 10 ml min�1, d = 1 mm, Dr = 15 kg m�3. (F) Adding the leading nonlocal hydrodynamic interaction terms (see text) and the effects of
slow change in the natural curvature of the filament (see text) in the simulation, leads to regular coiling observed in the experiments (see Movie S4, ESI†).
The parameters used are E = 2.7 kPa, Q = 1 ml min�1, d = 0.8 mm, Dr = 5 kg m�3 and m = 0.01 Pa s.
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curvature of the rod freezes (Fig. 9) and the Young’s modulus of
the tube material increases over time (Fig. 8A and B), from
which we extract the Young’s modulus at the time of coiling by
requiring that R E 0.4(B/mv)1/3 (Fig. 2B); this yields E = 50 Pa.

To test these hypotheses, we included the second-order
terms in 1/log(L/r) and also added the effects of cross linking
to the simulation by updating the natural curvature of the rods
at each time step in the direction of the actual curvature with a
time scale t = 1 s�1, corresponding to a slow freezing of the
natural curvature even as the filament coils (assumed to follow
a simple first-order process). We find that this suffices to
capture the experimentally observed behavior associated with
regular coiling seen in experiments (Fig. 10F), and compares
well with the experimental results shown in Fig. 2 and 6.
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